
 Theartin Reeslemmer

We can also generalize the blowup construction for
modules

let M an R module Y M M 0M 3 an I filtration

Then

ByM Mto M to

is a graded BIR module

Pep Assume each Mi of 2 is finitely generated Then

2 is I stable 6 Bgm is a fg BIR module

Pt If ByM is fg the generatorsmust be contained in
the first u terms for some n Replacing them w their

homogeneous components we see that Mn Mnt
is generated by Mn So

Muti I Ma

for iso so L is stable

Conversely if Y is stable thin Muti I Mn some in all
i 20 Thus BzM is generated by the union of

sets of generators for Mo Mn D



We can now easily prove the Artin Rees lemma

A R ma let 12 be Noetherian IER an ideal

and M CM fg R modules If

Y M MooM 3

is I stable then so is

y M 0MHM D

PI BIR is a fg R algebra since I is fg Thus by
Hilbert basis it's Noetherian

ByM is a f g BIR module by the above prop so ByM is

Noetherian Thus ByM EByM is fg so L is I stable D

Note that this means 7 some ns.t.V izn I Minn Mit.AM

The following important result comes as an easy corollary

truHi m let R be Noetherian I E R an ideal

It M is a finitely generated R module then there is no I s t

l r It M o

If R is a domain or a local ring and I is a proper ideal then

f It O



The second statement can be interpretedgeometrically Roughly

if a function vanishes along I to arbitrarily highorder then
it's 0 This may fail for a non integral domain

Ex R K 2 a
7 0 7 1

Set I x Then I x x so x c f It
This is because x vanishes to infinite order on the two

points but it's not 0

Pf lint let M _f ITM EM M is finitelyj
generated over a Noetherian ring so it's Noetherian

Thus M is fg so we can apply Artin Rees and Let

Mi I M

Then M AM M NIM 3 is I stable so there's some

integer p s t

M'hMp I M'MMp

But M E MptCMp so M IM

We don't know I is in the Jacobson radical so we can't

apply Nakayama but we can apply a corollary of Cayley
Hamilton and get 7 re I set l r M O



For the second statement take M R Thin M hit

If R is a domain since I is proper l t 1 0 so l r

is a nonzerodivisor so M 0

If R is local then l r is a unit so M O D

From this we get an easy corollary

Cer let 12 be a Noetherian local ring I CR a proper
ideal If grIR is a domain so is R

PI Suppose f gc R and fg O Then in f in g 0

see Hw So in Cfl or in g is 0

By Krull f I _0 so for g is O D


